This survey is concerned with the Thompson group F and the von Neumann algebra LðFÞ associated with F. We first review some basic results on the Thompson groups and group von Neumann algebras. We investigate the structure of the von Neumann algebra W Ã ðF; PÞ generated by LðFÞ and a projection P on l 2 ðFÞ. We show that the algebra (not necessarily Ã) algebraically generated by two generating unitaries of LðFÞ and the commutant LðFÞ 0 is strong-operator dense in BðHÞ. Furthermore, we will discuss actions of F and F 0 on a set of dyadic rational numbers in ½0; 1 and some outer automorphism of LðFÞ for the amenability question of F.
Introduction
The Thompson group F was introduced in the 1960s by Richard J. Thompson in connection with studies in logic. It was used to construct finitely presented groups with unsolvable word problems. The Thompson group is known as a very interesting group and it appears in a variety of mathematical areas: word problems, dynamical systems, homotopy theory, group cohomology and analysis. The Thompson group F can be realized as the group of piecewise linear and orientation-preserving homeomorphisms of ½0; 1 which, except at finitely many dyadic rational numbers, are differentiable with derivatives equal to powers of 2. In this survey we are concentrated on the amenability of discrete groups, especially, on the amenability question for the Thompson group F.
A discrete group G is called amenable if there is a left translation invariant state on l 1 ðGÞ. Von Neumann introduced the amenability of groups and proved that the non-abelian free group F 2 with two generators is not amenable. Furthermore, he proved that the class of all amenable groups contains all abelian groups and all finite groups, and is closed under quotients, subgroups, extensions, and directed unions with respect to inclusions. He conjectured that any non-amenable group would contain a copy of F 2 as a subgroup. A counterexample was given by Ol'shanskii, that is, using Grigochuck's cogrowth criterion for amenability he proved that there exists a non-amenable group such that every proper subgroup is cyclic. The amenability question of the Thompson group F has been posed by Geoghegan. In 1979, he conjectured that the Thompson group F does not contain a non-abelian free subgroup and that the Thompson group F is non-amenable. It was proved by Brin and Squier [2] that the Thompson group F has no free non-abelian subgroups. However, the non-amenability problem of the Thompson group F is still open. This non-amenability problem is of considerable interest since F is expected to be another counterexample to the von Neumann's conjecture for finitely presented groups.
To prove that the Thompson group F is not amenable, Grigorchuk [6] suggested to show that H n b ðF; RÞ 6 ¼ 0 for some positive integer n where b indicates the bounded group cohomology. But we think that it is very difficult to compute higher cohomology groups H n b ðF; RÞ. Thus, we would like to suggest another approach for proving the non-amenability of the Thompson group F.
This survey is organized as follows: the preliminary section prepares some basic results on the Thompson groups and group von Neumann algebras. We collect some known facts and also folklore-like facts about the Thompson group F and group von Neumann algebras. In the third section we show that W Ã ðF; P x Þ is of type II or of type I, where W Ã ðF; P x Þ is the von Neumann algebra generated by LðFÞ and an orthogonal projection P x of l 2 ðFÞ onto l 2 ðFðxÞÞ where FðxÞ is the set of elements in F with their normal forms starting with x. It is proved that the algebra algebraically (not necessarily Ã) generated by two unitaries fL x 0 ; L x 1 g and the commutant LðFÞ 0 is strong-operator dense in BðHÞ. The fourth section contains definitions of an amenable action and co-amenability of groups. It is proved that some subgroup F I of F is coamenable in F. Finally, we introduce an order two automorphism of LðFÞ which is not inner and ask if is not approximately inner for non-amenability of the Thompson group F.
Some Properties of F and von Neumann algebras
Let G be a countable discrete group with the identity e and let H be the Hilbert space l 2 ðGÞ with the usual inner product. Let LðGÞ be the von Neumann algebra generated by fL g : g 2 Gg where L g denotes the left translation of functions in H by g À1 . Similarly, we denote by RðGÞ the von Neumann algebra generated by fR g : g 2 Gg where R g is the right translation by g on H. Then we have that LðGÞ 0 ¼ RðGÞ and RðGÞ 0 ¼ LðGÞ where M 0 is the commutant of M in BðHÞ. In general, LðGÞ and RðGÞ are finite von Neumann algebras since they have a faithful normal trace ðxÞ ¼ hxð e Þ; e i, x 2 LðGÞ (or x 2 RðGÞ). The algebras LðGÞ and RðGÞ are factors (of type II 1 ) precisely when each conjugacy class in G (other than that of e) is infinite. In this case we say that G is an infinite conjugacy class (i.c.c.) group. We refer to [16] for the theory of von Neumann algebras as well as the construction of group von Neuamnn algebras. Definition 2.1. Let M be a type II 1 -factor with with a normalized faithful trace .
(i) M has the property À if, for each x 1 ; . . . ; x n 2 M and > 0, there exists a unitary u 2 M such that ðuÞ ¼ 0 and
This is a weaker form of amenability since the group von Neumann algebra LðGÞ is a McDuff factor whenever G is a countable amenable i.c.c. group. However, the converse is not true: as is well known, there exist uncountable families of non-amenable i.c.c. groups such that the associated factors are pairwise non-isomorphic McDuff factors. This means that the Thompson group F still has a good chance of being non-amenable. We would like to remark that McDuff property implies property À for II 1 -factors. Following E. Effros [5] , a discrete group G is inner amenable if G possesses a mean m which is invariant under inner automorphisms and nontrivial, i.e., mðfegÞ 6 ¼ 1. Since any invariant mean on G is a non-trivial inner invariant mean on G, the inner amenability is a weaker property than the amenability. Effros [5] observed that if G is an i.c.c. group and if the von Neumann algebra LðGÞ has property À, then G is inner amenable. However, the converse is still open.
The following property has been introduced by Sakai in the 70's and consists essentially of a stronger requirement than property À of Murray and von Neumann: instead of a sequence of unitaries almost commuting with the elements of the factor one wants a sequence of (inner) Ã-isomorphisms. Moreover, asymptotic abelianness is a stronger property than the McDuff property. For some examples of asymptotically abelian factors, we refer to [7] . Definition 2.2. A finite factor M is asymptotically abelian if there exists a sequence of Ã-automorphisms ð n Þ n2N on M such that k½ n ðxÞ; yk 2 ! 0 for x; y 2 M. If each n is inner then M is called inner asymptotically abelian.
We now review some properties of the Thompson group F. We refer the expository note [3] for a good introduction, more details and historical remarks to F. The Thompson group F is the set of piecewise linear homeomorphisms from the closed unit interval ½0; 1 onto itself that are differentiable except at finitely many dyadic rational numbers and such that on intervals of differentiability the derivatives are powers of 2. The Thompson group F has the following presentation
for n ! 1, so that F is generated by x 0 and x 1 . If F 1 is a group defined by
then there exists a group isomorphism from F 1 onto F which maps A to x 0 and B to x 1 . This is obtained by declaring x 0 ¼ A and x n ¼ A ÀðnÀ1Þ BA nÀ1 . Hence the Thompson group F has the finite presentation with two generators and two relators. The following proposition is very useful when one works on the Thompson group.
Theorem 2.3 ([3]
). Let F be the Thompson group.
(
Every non-trivial element x of F can be expressed in a unique form The form in (2) is called the normal form of x. As a consequence of (4) and (5) of Theorem 2.3, we can see that any non-trivial normal subgroup of F must contain F 0 . In the geometric realization of the Thompson group F, the corresponding homeomorphisms x n are defined by
Moreover, we can see that the commutator subgroup F 0 of F is the set f f 2 F : 9; 2 ð0; 1Þ such that f j½0; ¼ id and f j½;1 ¼ idg:
It is not difficult to see that the Thompson group F is an i.c.c. group and therefore the associated von Neumann algebra LðFÞ is a II 1 -factor. Jolissaint [12] showed that the Thompson group F is inner amenable, in the sense that there is a mean on l 1 ðF n fegÞ which is invariant under conjugation. Indeed, if ! is a free ultra-filter on N, then the linear functional m on l 1 ðF n fegÞ given by
is an invariant mean under conjugation where the sequence fx k g is the generators with the relation x À1 i x n x i ¼ x nþ1 ð0 i < nÞ. He also proved that the Thompson group factor LðFÞ has the McDuff property [13] and that LðF 0 Þ is inner asymptotically abelian where F 0 is the commutator subgroup of F [14] . A separable C Ã -algebra A is residually finite dimensional (RFD) if for each non-zero x 2 A there exists a Ã-homomorphism : A ! B such that dimðBÞ < 1 and ðxÞ 6 ¼ 0. Equivalently, A is embedded in a C Ã -algebra of the form Q 1 n¼1 M kðnÞ ðCÞ, where M k ðCÞ is the algebra of k Â k matrices over the complex numbers. Haagerup and Picioroaga [7] recently proved that both the reduced C Ã -algebra C Ã r ðFÞ and the full C Ã -algebra C Ã ðFÞ associated with F are not residually finite dimensional. This non-RFD of C Ã ðFÞ is a weaker property than non-amenability of F. The operator algebra analogue of von Neumann's conjecture on embeddings of non-abelian free groups into nonamenable groups is: Does any non-hyperfinite II 1 -factor contain a copy of a free group factor LðF 2 Þ on two generators? This is still open and the Thompson group F is also expected to be a counterexample of this question.
On some factors generated by F and some operators
As a vector in l 2 ðGÞ, each operator in LðGÞ can be expressed as an l 2 sequence, that is, if T 2 LðGÞ, then T ¼ P g2G g L g with P g2G j g j 2 < 1. The subset fg 2 G : g 6 ¼ 0g of G is called the support of T and denoted by suppT. In convention, we will also denote L g by g for each element g 2 G. Let G ¼ G 1 Ã Á Á Á Ã G n ðn 2 f2; 3; . . .g [ f1gÞ be a free product of at least two but at most countably many cyclic groups. In [20] , Szymański and Zhang proved that the weak closure W Ã ðG; P Ã Þ of C Ã ðG; P Ã Þ is a type II 1 -factor or a type I 1 -factor where C Ã ðG; P Ã Þ is a C Ã -algebra generated by the reduced group C Ã -algebra C r ðGÞ and a collection P Ã of projections onto the l 2 -spaces over certain subsets of À. For x 2 F n feg, let FðxÞ be the set of all normal forms in F whose initial segments coincide with x, that is, the set of all normal forms in F starting with x. Let P x denote the orthogonal projection from l 2 ðFÞ onto l 2 ðFðxÞÞ. Let C Ã ðF; P x Þ be the C Ã -subalgebra of Bðl 2 ðFÞÞ generated by the reduced group C Ã -algebra C Ã r ðFÞ and the projection P x , and let W Ã ðF; P x Þ be the weak closure of C Ã ðF; P x Þ in Bðl 2 ðFÞÞ, that is, the von Neumann algebra generated by the group von Neumann algebra LðFÞ and P x . We now turn to the transitive algebra question imposed by Kadison [15] which is closely related to the invariant subspace problem. Let X be a subset of a II 1 -factor M. We say that X has a non-trivial invariant projection in M if there is a projection P 2 M such that P 6 ¼ 0; I and TP ¼ PTP for all T 2 X. We call a subset (or a subalgebra) X of a II 1 -factor M transitive with respect to M if X has no non-trivial invariant projections in M. Simply, we say that X is transitive in M. This definition is similar to the original definition of transitivity (in the factor of type I 1 ).
If B is a subalgebra (not necessarily Ã-subalgebra) of BðHÞ and B has no non-trivial common invariant subspace in the Hilbert space H, then is B strong-operator dense in BðHÞ? This question is well-known as the transitive algebra question [15] . Arveson [1] proved that if A is a transitive (not necessarily Ã) subalgebra of BðHÞ which contains a selfadjoint maximal abelian subalgebra, then A is strong-operator dense in BðHÞ. Even though this question has been considered by many people, it is still open. See the monograph [19] for a general discussion of the transitive algebra question and related topics. If A is a transitive (not necessarily norm-closed) algebra (algebraically) generated by selfadjoint operators on H, then the strong-operator closure of A in BðHÞ is a von Neumann algebra and must be equal to BðHÞ. What is the situation if A is generated by isometries or normal operators? In spite of a great deal of interest in this question, no transitive algebras other than BðHÞ have yet known.
In a factor of type II 1 , there are many non-trivial strong-operator closed transitive subalgebras. Furthermore, the transitive algebra question could also be considered for algebras generated by special kinds of operators. To find nontrivial transitive algebras, we considered some factor M of type II 1 and some elements from its commutant M 0 . We proved that some two unitaries with the irrational rotation relation in the hyperfinite II 1 -factor R and the commutant R 0 generate BðHÞ and that the algebra (algebraically) generated by only two generators of LðF 1 Þ and the commutant LðF 1 Þ 0 is strong-operator dense in BðHÞ, where F 1 is the free group with countably infinite generators. See [10] for more details.
Theorem 3.2 ([9]
). Let x 0 and x 1 be generators of the Thompson group F. Then the (non-selfadjoint) algebra generated by fL x 0 ; L x 1 g together with the commutant LðFÞ 0 is strong-operator dense in BðHÞ where H is a Hilbert space l 2 ðFÞ.
In the course of proving the above theorem one can see the following proposition. The operator L x 0 þ L x 1 has a non-trivial invariant projection in LðFÞ. Furthermore, it is known that LðFÞ is a McDuff factor of type II 1 , so that LðFÞ is singly generated. See [9] for some detailed discussion.
Amenable action and co-amenability of the Thompson group
Let X be a non-empty set. A mean on X is a map : PðXÞ ! ½0; 1 such that ðXÞ ¼ 1 and ðA [ BÞ ¼ ðAÞ þ ðBÞ if A \ B ¼ ;. It is easy to see that the existence of such a decomposition for X implies that there is no G-invariant mean on X. Given a group G acting on a set X, one can ask when there is a G-invariant mean on X. Definition 4.2. Let X be a non-empty set and G be a group.
(i) A group action G y X is amenable if there is a G-invariant mean on X, i.e. ðAÞ ¼ ðgAÞ for all g 2 G and A X. (ii) G is amenable if the action G y G is amenable.
We observe that if G is amenable then every action of G on any set is amenable. Recall that a subgroup H < G is co-amenable if the G-action on G=H is amenable. This is equivalent to the relative fixed point property that every continuous affine G-action on a convex subset of a locally convex space with an H-fixed point has a G-fixed point.
Proposition 4.3 ([17]). (1)
If H is a normal subgroup in G, then the co-amenability of H < G is equivalent to amenability of the quotient group G=H. (2) For a triple K < H < G of groups co-amenability of K in H and of H in G implies that K is co-amenable in G.
It is unknown whether the Thompson group F is amenable or not. In the rest of this section, we will work on co-amenability of subgroups in F for study of the amenability question of F.
Lemma 4.4 ([11]
). Let X be the set of dyadic rational numbers in ½0; 1 and let F 0 be the commutator subgroup of F.
(1) The action F 0 y X is amenable.
From Lemma 4.4 we can get the following theorem.
Theorem 4.5 ([11]
). The action F y X is amenable.
Let I & ð0; 1Þ be any closed interval other than one point. We denote by F I the set of homeomorphisms x : ½0; 1 ! ½0; 1 in F such that suppðxÞ ¼ ft 2 ½0; 1 : xðtÞ 6 ¼ tg is contained in the interval I. 
Order two automorphism on the Thompson group
In this section we discuss an automorphism of the Thompson group factor LðFÞ which is of order two. This is motivated by Connes' remarkable fundamental theorem. Let M be a factor of type II 1 . We denote by AutðMÞ (respectively, InnðMÞ) the automorphism (respectively, inner automorphism) group of M with the topology of strong pointwise convergence in M. Let InnðMÞ be the closure of InnðMÞ with respect to the strong pointwise convergence topology, which is called the approximately inner automorphism group. We consider an automorphism of the Thompson group factor LðFÞ. In particular, we will consider an order two automorphism : LðFÞ ! LðFÞ since a symmetry is an automorphism of order two. In order to see if F is amenable or non-amenable, we investigate if is approximately inner.
To get such an automorphism, we first consider the geometric realization of the Thompson group F. Take an order two automorphism : F ! F which rotates each element in F by 180 with a center ð However, we don't know whether or not is approximately inner. Since the Thompson group is expected to be nonamenable by many people, we can ask if is approximately inner in order to show that the Thompson group F is nonamenable. If we could prove that is not approximately inner, then by it follows from Theorem 5.1 that the Thompson group factor LðFÞ will be not hyperfinite, so that F will be not amenable.
